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Although much has been done concerning the modeling of an electrode or a whole lithium battery, little can be found in the literature on the modeling of lithium intercalation of a single particle. West et al. 1 treated insertion into a composite cathode consisting of an active insertion material and electrolyte in a porous structure, modeling the electrolyte and active cathode material as superimposed continua without regard to microscopic structure. Mao and White 2 reformulated and extended their model to include a separator. The galvanostatic charge and discharge of a lithium anode/solid polymer separator/insertion cathode cell were modeled by Doyle et al. 3 Later Fuller et al. 4 presented a mathematical model for the galvanostatic charge and discharge of a dual lithium insertion (rocking-chair) cell. Paxton and Newman 5 proposed a theoretical approach for estimating a constant diffusion coefficient to use in an insertion electrode model for the case where experimental data exist for the diffusion coefficient as a function of state of charge of an intercalation material.
Carefully controlled experiments and theoretical analyses are needed to clarify the behavior of individual components (i.e., active material, conductive filler, and binder) that make up a typical porous electrode that is used in a cell. Individual carbon-fiber electrodes were used by Verbrugge and Koch 6, 7 to isolate characteristics intrinsic to a lithiated carbon fiber. They also proposed a theoretical approach and mathematical methods in cylindrical geometry to investigate lithium intercalation of single-fiber carbon electrodes.
Microelectrode techniques make it possible to determine the kinetic and transport properties of lithium insertion/extraction of a particle with a diameter of 10 to 100 m. [8] [9] [10] Microelectrode techniques are very versatile in kinetic studies because of high rates of flux in the electrolyte phase due to the small size of the electrode, less interference by resistive polarization, and less capacitive current due to the double layer capacity. 11, 12 Furthermore, the results are not complicated by the influence of binders, electronically conductive additives, or other components necessary for the fabrication of porous electrodes. In other words, the response is solely from the reaction between the active material and the electrolyte. The current observed in the voltammetry for a microelectrode is typically on the order of nanoamperes, which is four to six orders of magnitude smaller than the usual current observed in cyclic voltammetry experiments. This is due to the small surface area of the particle electrode. This feature reduces greatly the distortion of cyclic voltammetric behavior due to ohmic resistance, which is found in studies of porous electrodes.
This paper describes an approach to simulate mathematically the behavior of lithium intercalation in a spinel particle including both mass transport within the particle and kinetics at the particle/electrolyte interface subject to a potentiodynamic stimulus.
Model Development
The following assumptions apply when we simulate the lithium extraction/insertion behavior of a spherical particle following application of a potentiodynamic stimulus. (i) Radial diffusion of lithium ions dominates the process. In other words, the lithium concentration gradient in the particle occurs only in the radial direction. (ii) A Butler-Volmer reaction rate expression governs the charge-transfer kinetics at the electrode/electrolyte interface. According to Reaction 1, lithium ions are intercalated into solid manganese dioxide in which manganese is in the ϩ4 oxidation state and reduce the oxidation state of Mn to 3.5, as shown on the right side of Reaction 1. (viii) The flux of the lithium ions within the sphere is due to diffusion in a concentration gradient field. (ix) There is no phase change of the crystalline particle during intercalation or deintercalation of lithium ions. (x) The lithium ion diffusion coefficient D is a constant. (xi) There are no pores inside the particle. That is, it is a perfect solid sphere.
In general, the intercalation of lithium ions into a spinel particle can be described in terms of a process in which a lithium ion in the solution adjacent to the electrode becomes partially desolvated and adsorbed onto the surface of the microelectrode; this process is accompanied by the insertion of an electron into the conduction band of the solid. Subsequently, the partially solvated Li ϩ ion moves across or along the surface to an intercalation site, where it becomes fully desolvated and enters the lattice as an ion (and at the same time, the oxidation state of transition metal ions is lowered). [13] [14] [15] Thereon the lithium ions occupying the sites close to the surface of the particle diffuse radially into the center of the particle by the driving force of a concentration gradient. The deintercalation of lithium ions is considered to be a process opposite to the above description.
The flux of lithium ions (N) within the particle is
where c is the concentration of lithium ions and D is diffusion coefficient. Diffusion is assumed to be the mechanism of transport of the lithium ion in the particle.
A material balance for a small volume element in the particle leads to the differential conservation law for Li ϩ in the particle [3] The combination of Eq. 2 and 3 yields [4] We start from the fully discharged state as an initial condition with uniform lithium concentration c 0 in the particle, corresponding to the composition Li 1.0 Mn 2 O 4 , and finite kinetics are considered. We wish to keep the model general thus the interfacial kinetics of the electrode is included. For a single spherical electrode, the governing equations are 1. Fick's second law [5] where r is radial distance from the center of the particle.
Initial condition
c(r, 0) ϭ c 0 [6] 3. At the electrode surface [7] where i is the current density at the electrode surface and is positive during deintercalation of lithium ions. The current density i is assumed to be given by a Butler-Volmer equation with Eq. 1 as the reaction mechanism 4,16 [8] Combination of Eq. 7 and 8 yields [9] or [10] and i 0 ϭ Fk(c 1 ) 1Ϫ␤ (c ) 1Ϫ␤ (c s ) ␤ [11] where r 0 is the radius of the particle, k is a reaction rate constant, c l is the Li ϩ concentration in the liquid phase (treated here as a constant, known value), c (ϭ c t Ϫ c s ) is the surface concentration of vacant sites ready for lithium intercalation, c s is the concentration of lithium ions on the surface of the electrode, and c t is the concentration of total sites for seating lithium ions. The overpotential is defined as
where s is the potential at the surface of the particle and U is the open-circuit potential of the electrode, which is a function of the concentration of lithium ions in the particle.
At the center of the spherical electrode [13] To make the problem simpler, we suppose that the potential is uniform throughout the particle. Thus s ϭ U app [14] where U app is the applied potential. This is a reasonable assumption because the specific conductivity of the spinel 17 is 10 Ϫ4 ⍀ Ϫ1 cm Ϫ1 . Thus, for a particle with radius of 10 m, the voltage difference between the center and the surface of the particle can be estimated by using Ohm's law to be less than 5 mV with a current density of 0.6 mA/cm 2 , which will cause only a small deviation for the voltammetric responses under investigation. The governing equation, initial condition, and boundary conditions can be placed in a convenient dimensionless form if we use the following dimensionless variables dimensionless time [15] dimensionless distance from the center of particle [16] dimensionless concentration [17] and dimensionless current density [18] Equations 5, 6, 7, and 13 become [19] y(x, 0) ϭ 1 [20] [21]
[22]
If we let c 0 ϭ c t , that is, the initial concentration is equal to the total concentration, Eq. 10 becomes [23] where y| xϭ1 ϭ c s /c t and [24] which is a dimensionless parameter denoting the ratio of the diffusional resistance (r 0 /D) to the interfacial kinetic resistance {1/(kc l 1Ϫ␤ )}, involving the Li ϩ concentration in the liquid phase. Under potentiodynamic stimulus, the applied potential changes linearly with time, and can be expressed by where U app is the applied potential, U 0 is the initial applied potential, which we assign to be the same as the initial open-circuit potential and is further discussed below. The potential sweep rate is represented as v. Equations 19, 20, 22 , and 23 with assigned parameters in Table I or II were solved with a partial differential equation solver PDE2D. 18 Among the features of this solver are employment of a collocation method with cubic Hermite basis functions, adaptive time step control and discretization of time by use of the Crank-Nicolson scheme. The dimensionless current density of lithium insertion/extraction is given by Eq. 21 . Since the open-circuit potential for reaction 1 is nonNernstian, Eq. 23 is complicated. The open-circuit potential expression (see the Appendix) for Reaction 1 was given by Doyle et al. 16 In this simulation the applied potential range, U app , is from 3.5102 to 4.3102 V vs. Li/Li ϩ . 10 The predicted dimensionless current density j is obtained by solving the governing equations with the parameter values given in Table I . The predictions for j were made by beginning the potential sweep at t ϭ 0 with U app ϭ 3.5102 V so that j ϭ 0 since U app ϭ U| yϭ1 ϭ 3.5102 V. Then by incrementing time U app is increased by 1 mV per second and j is obtained by solving the equations. Note that U app in this case is slightly larger than U so that the anodic portion of the Butler-Volmer equation (first term in the curly brackets in Eq. 23) is positive. As can be seen in Fig. 1 , an anodic peak in the predicted dimensionless current density occurs at about 3.98 V, which is just above the lower voltage plateau in Fig. A-1 . As time proceeds, the applied potential is incremented until a second dimensionless current density peak is predicted to occur at a voltage of about 4.12 V, which is just above the upper voltage plateau in Fig. A-1 . The predicted dimensionless current density then drops after this second peak because the applied potential is very nearly equal to the open-circuit potential (see Fig. A-1) . Note that the predicted dimensionless concentration of lithium ions at the surface of the particle (y| xϭ1 ) is also obtained by solving the equations at each time step. Once the applied potential is raised to 4.3102 V, the direction of the sweep is changed by changing the sign of v to a minus sign. Now, as time proceeds, U app is reduced from 4.1302 V, and this provides a predicted cathodic peak in the dimensionless current density j at about 4.11 V. The predicted current density is negative now because the applied potential is slightly less than the open-circuit potential so that the cathodic portion of the Butler-Volmer equation (last term on the right in the brace in Eq. 23) is now greater than the Table I . 
Results and Discussion
anodic portion. As time continues, a second cathodic peak is predicted to occur at about 3.98 V, as expected. The qualitative agreement between the predictions and the measured values of j in Fig. 1 was obtained by a trial-and-error adjustment of the parameters D and k (after fixing ␤ ϭ 0.5) so that the predicted peak potentials and peak current densities agreed reasonably well with the experimental data, as shown in Fig. 1 Table III . It is seen in this table that the D values vary over four orders of magnitude, indicating that disagreement exists in the literature. The discrepancy between the two curves in Fig. 1 may be due to the extended cycling of the spinel electrode for the experimental data or the fact that the geometry of the experimental spinel particle is not perfectly spherical. Other causes could be that the lithium diffusion coefficient D varies with the state of charge of the particle or that the open-circuit potential of the spinel particle used in the experiment may be somewhat different from the expression we used (Appendix). Figure 2 shows the simulation results with the parameters from Table II, which are slightly different from those in Table I . The upper case letters in Fig. 2 correspond to the concentration profiles in Fig. 3 , which shows the predicted concentration profiles at different times using the parameters in Table II at a scan rate of 0.4 mV/s. The upper case letters in this figure correspond to the points in Fig. 2 . The concentration distribution and the concentration gradient at the particle surface change drastically during the anodic and cathodic process. Initially the concentration is uniform at 1.00 (dimensionless) or 23.7 mol/dm 3 as shown in Fig. 3a . During the anodic (charging, deintercalating) process, with a linear increase of the applied potential, lithium deintercalation occurs, and lithium ions flow out of the particle, which increases the oxidation state of Mn from 3.5 to 4. Consequently, the average concentration of lithium ions within the particle keeps decreasing. The concentration gradient is seen very obviously when time reaches the positions of current density peaks (D and F in Fig. 2  and 3 when ϭ 4.8 or ϭ 6.24, corresponding to U app ϭ 3.990 and 4.134 V, respectively); at other times, the gradient is relatively small. The concentration profiles for the cathodic (discharging, intercalating) process during the back sweep of the applied potential are similar to those for the anodic process, except that the average concentration increases and the direction of the concentration gradient, corresponding to intercalating lithium into the particle, is opposite to the anodic process, as shown in Fig. 3b . Again, the concentration gradient at the particle surface reaches its maxima when the applied potential is at the cathodic peak current density positions at ϭ 10.08 or ϭ 11.52, corresponding to U app ϭ 4.102 and 3.958 V, respectively (K and N in Fig. 2 and 3) . Figure 4a shows the first cycle voltammograms for scan rates of 0.2 to 6.4 mV/s over the applied potential, U app , range from 3.51 to 4.31 V Figure 2 . Comparison of calculated cyclic voltammograms of cycle 1 and cycle 10 with v ϭ 0.4 mV/s. The points specified by upper case letters correspond to the concentration profiles in Fig. 3 . vs. Li/Li ϩ and back. As can be seen in Fig. 4a , the peaks in the anodic dimensionless current densities become larger and the potentials associated with those peaks become more positive, and the cathodic peak dimensionless current densities become more negative and those associated potentials becomes more negative for larger sweep rates. To see clearly the change of cyclic voltammograms when varying the potential scan rate, the values of the dimensionless peak current density and associated potential from Fig. 4a are summarized in Table IV . The first anodic peak current density is 0.116 at the potential scan rate of 0.2 mV/s, compared to the anodic dimensionless peak current density of 1.296 at the potential scan rate of 6.4 mV/s. In a similar manner, the first anodic peak potential vs. Li/Li ϩ changes from 3.992 V at a scan rate of 0.2 mV/s to 4.040 V at a scan rate of 6.4 mV/s. The shape and position of the other anodic and cathodic peaks vary with v similarly. As a result of the shift of the dimensionless current density peaks, the difference between the values of the peak potential of corresponding peaks becomes larger, indicating the existence of charge-transfer resistance and non-Nernstian behavior of the system under study. Since the peak height and shape of the cyclic voltammograms for v Յ 0.2 mV/s are much different from those at scan rates above 0.2 mV/s, Fig. 4b presents the predicted voltammograms for scan rates 1.6 ϫ 10 Ϫ3 to 4 ϫ 10 Ϫ2 mV/s.
Features of the simulation results.-

Cyclic voltammograms for various scan rates v.-
To correlate the dimensionless peak current density with scan rate, the first anodic peak current density j p1 values given in Table IV are plotted as a function of v 1/2 in Fig. 5a . The formation of this peak current density has exactly the same initial conditions for the various scan rates. Apparently the relationship of j p1 vs. v 1/2 is linear when v > 0.2 up to 10 mV/s. Mean square regression of the values for v 1/2 Ն 0.5 mV/s gives j p1 ϭ 0.575v 1/2 Ϫ 0.158 [26] This relationship is in agreement with some literature values in that an equation like Eq. 26 was used to estimate the diffusion coefficient of lithium ions in the spinel phase of a thin, porous electrode. 20, 22 However, the present model predicts that extrapolation of the linear relationship to a very low scan rate (say, v < 0.05 mV/s) is not appropriate, since theoretically if the scan rate is infinitely small the peak current density should be close to zero. In other words, j p1 vs. v 1/2 is nonlinear over very low scan rates. The dashed line in Fig. 5a is a curve depicting the relation at very low scan rates, corresponding to the first anodic peaks in Fig. 4b (also, see Table IV ). The equation j p ϭ v 1/2 , where is a constant related to chargetransfer coefficient and lithium diffusion coefficient, with no constant term as used by Xia and Yoshio 20 and Ooi et al. 22 does not agree with the model predictions presented here. This is because (i) the thermodynamics of the lithium intercalation of spinel departs from the Nernst equation 26 which was the precondition for the derivation of the relationships used by Ooi et al. or Xia and Yoshio; (ii) at very low scan rates, the particle will show a lumped response, and the current will be proportional to the scan rate. Figure 5b shows the second anodic peak dimensionless current density as a function of the scan rate to the power of 0.63. As shown in Fig. 5b , these second peaks do not depend in a linear manner on the square root of the scan rate as do the first peaks above a certain scan rate. The predicted dimensionless peak current density dependence on scan rate presented here agrees well with that reported by Uchida et al. 10 They determined experimentally that the second peak current density was proportional to v 0.7-0. 8 To show the effect of the upper plateau of the open-circuit potential on the third dimensionless peak current density, we ran the model by starting the scans in the cathodic direction at 4.3102 V with an initial dimensionless concentration (y) of 0.17 instead of using a starting potential of 3.5102 V (with y ϭ 1.00) and then scanning anodically, as done above. Thus, the initial conditions are the same for all scan rates for the cathodic scans shown in Fig. 6 . Comparison of Fig. 6 to Fig. 4 reveals that for all the scan rates in Fig. 6 the dimensionless current density is zero at 4.3102 V, which is different from the values shown in Fig. 4 at the same potential. Figure 7a shows that the cathodic peak dimensionless current density j p3 is proportional to v 0.48 , when 6.4 Ն v Ն 0.05 mV/s. This dependence of j p3 on v 0.48 indicates that the formation of a peak dimensionless current density on discharge (intercalation) is similar to a redox system in an aqueous solution. 26 Figure 7b shows the second anodic peak current density as a function of v 0.61 for the voltammograms predicted for the scans started at 4.3102 V in the cathodic direction. Note that there is only a slight difference between Fig. 5b and Fig 7b. This slight difference is due to the two different starting points (3.5102 and 4.3102 V, respectively) for the scans.
To demonstrate the effect of the upper plateau of the open-circuit potential on the second peak dimensionless current density, we ran the model by starting the scans in the anodic direction at 4.0602 V with an initial dimensionless concentration (y) of 0.5806. This initial point is the midpoint between the lower plateau and the upper plateau. As a result, the formation of all of the second peaks has the same initial conditions. Figure 8 shows the voltammograms obtained this way. Comparison of Fig. 8 to Fig. 4 reveals that for all the scan rates in Fig. 8 the dimensionless current density is zero at 4.0602 V where the anodic scans were started. Figure 9 shows that the anodic peak dimensionless current density j p2 is proportional to v 0.45 , when 6.4 Ն v Ն 0.05 mV/s.
Cyclic voltammograms for different values of a.-In the boundary condition 23, a is a dimensionless parameter denoting ratio of diffusional resistance of lithium in the solid host to interfacial kinetic resistance, involving the Li ϩ concentration in the liquid phase. Equation 24 gives the mathematical expression for this parameter. Larger a means faster interfacial charge-transfer kinetics when the diffusion coefficient is fixed. On the other hand, when the interfacial reaction constant k is kept at a certain value, smaller a means faster diffusion of lithium in the solid host. Figure 10 shows the cyclic voltammograms for various values of a at the scan rate of 0.4 mV/s. In Fig. 10 the parameter a was changed by changing parameter k. The shapes of the cyclic voltammograms change appreciably when parameter a is increased from 0.0316 to 3.16. For instance, the first anodic peak potential decreases from U app ϭ 4.113 V vs. Li/Li ϩ for a ϭ 0.0316 to 3.992 V vs. Li/Li ϩ for a ϭ 3.16; at the same time, the value of the dimensionless first anodic peak current density increas- es from 0.133 for a ϭ 0.0316 to 0.217 for a ϭ 3.16. However, a further increase of a results in only a little decrease in the first anodic peak potential, 3.987 V vs. Li/Li ϩ for a ϭ 31.6 and 3.986 V vs. Li/Li ϩ for a ϭ 3160. Simultaneously, the dimensionless first anodic peak current density increases to 0.223 for a ϭ 31.6 and 0.224 for a ϭ 3160. Similar behavior was observed for other current density peaks. The little change of peaks at high a values reflects that when the interfacial reaction kinetics is very fast, the whole intercalation process is controlled by the lithium diffusion in the solid host, as expected.
Cyclic voltammograms for different values of ␤.-␤ is a symmetry factor representing the fraction of the applied potential U app which promotes the cathodic reaction. In most cases ␤ is close to 0.5. Variation of ␤ will lead to appreciable deformation of cyclic voltammograms, especially when the interfacial kinetics is important in the lithium intercalation process. Figure 11 shows our predicted voltammetric responses for various values of ␤ when v ϭ 0.4 mV/s. For this large value of a the deformation of cyclic voltammograms is not very distinct, as shown in Fig. 11a ; however, there are significant changes in the curves for various values of ␤ when a is small as shown in Fig. 11b . It can be seen in Fig. 11b that a decrease of ␤ favors the anodic reaction and makes the values of peak potential smaller. Furthermore, a decrease of ␤ results in an increase of the values of anodic peak dimensionless current density and a decrease of the values of cathodic peak dimensionless current densities. By fitting the present model to experimental data, it should be feasible to acquire a precise ␤ value for a lithium intercalation of a specific spinel. 
Summary
Cyclic voltammetric responses at different scan rates and for various values of the parameters a (see Eq. 24) and ␤ (see Eq. 8) have been calculated numerically based on the mathematical model for lithium intercalation of a single spherical spinel particle. The results show that a variety of cyclic voltammograms can be predicted depending on the values of the kinetic parameters governing the electrode reaction and mass transfer in the solid. This dependence is reflected by the dimensionless group (a, defined in Eq. 24) that relates the transport resistance of lithium within the particle to that of interfacial electron transfer at the particle surface. The first dimensionless peak current density depends on the square root of the scan rate as given by Eq. 26 for the spinel particle studied in this present paper. Also, the peak dimensionless current density depends critically upon knowing the dependence of the open-circuit potential of the lithium-ion intercalation reaction in manganese dioxide on the dimensionless concentration (y) of Li ϩ in the particle. The open-circuit potential as a function of dimensionless concentration y| xϭ1 (ϭc s /c t ) at the surface of the particle.
